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Abstract. In a recent published paper, the second author studied the
problem of causality between economic growth and investment in education, by
using the method developed by Dufour and Taamouti. In this paper we intend to
extend this analysis by considering the case of three variables: gross domestic
product, investment in education, and investment in physical capital, all variables
being considered as per-capita quantities. We try to highlight the explicit form of a
VAR model, to emphasize the evolutionary dynamics and to make a comparative
study of different types of economies: Germany and France on the one hand and
Romania on the other. The main aim of this paper is to determine the measure of
causality effect of the two types of investments on economic growth. The results
largely confirm the theoretical assumptions of the endogenous models.
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1. Introduction

The theoretical notion of causality was first studied by Wiener (Wiener,
1956) and a few years later by Granger (Granger, 1969) and may be considered as
a fundamental concept to analyze the dynamic relations between the time series.
This concept was defined in terms of predictability at horizon one, of a variable X
from its own past and the past of a variable Y. The following definition of causality
was formulated by Granger and it has multiple advantages, among them its facility
to be tested by econometric methods:“A variable y; causes the variable x;, if the
variance of the predicted errors of the variable X, by using its own past and the past
of variable v, is lower than the variance of the predicted errors of the variable x,
obtained only by knowing its own past”:

Gg (XelXe—1, Xtm2) oos Yeo1s Yem2s o) = Gg(Xt|Xt—1:Xt—2: ) (1)
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This theory is well-known today as the Wiener-Granger causality theory
and has risen to an appreciable number of papers. Among them, the paper of
Geweke (Geweke, 1982), can be considered as the reference work in the field.

If there are only two variables x and y in a stationary bivariate VAR(1)

Xt a1 A12][Xt-1 U
= + | )
Yt dz1  a22]|¥t-1 Vit
then a necessary and sufficient condition for variable y not to Granger-cause
variable x is that a,, = 0 and this condition is good for all forecast horizons h.
Another problem that has needed to be clarified is the way in which the causality is

transmitted. In order to understand this aspect we consider the case of the
following stationary bivariate VAR(1) model:

Xt 0.50 0.70] [¥t-1 U
bl =loo osslb Ll @
Yt 0.40 0.35)1Yt-1 Vi

so that x; is given by the equation:

model

X¢ = 0.50%x¢_¢ + 0.70y;_1 + u 4)

The coefficient of y,_; in equation (4) is equal to 0.70 and thus we can
claim that y causes x in the sense of Granger. However, this information does not
clarify if a causality at horizons larger than one exists or not, nor on the degree of
intensity of this one. We try now to analyse the existence of causality at horizon
two, considering the above system (3) at time t + 1 to obtain:

Xt+1 0.530 0.595] [*t-1 0.50 0.70][Ut Ut+1
= + + (5)
Vt+1 0.340 0.402]11Yt-1 0.40 0.3511v: Ut+1
In particular, x.,, is given by
Xep1 = 0.530x,_1 + 0.595y,_4 + 0.50u; + 0.70v; + upyq, (6)
The coefficient of y,_; in equation (6) is equal to 0.595 and consequently
we can claim that y causes x at horizon two. The question is now if we can
measure the degree of importance of this long-run causality. Examining the

existing literature, we conclude that the classical measures do not answer to this
guestion.
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In economic systems there are usually more than two variables and
consequently, it is highly desirable to extent this concept to higher dimensional
systems. Suppose we have a three dimensional system with VAR representation

Xt 0.50 0 0.70] [*t-1 Ut
Yel=1| 0 0.60 0 Ve—1| + |Vt 7
Zt 0 0.40 0.501L%t-1 Wi
so that x; is given by the equation:
xt = 050 xt_l + 070 Zt—l + ut (8)
The coefficient of y, in equation (8) is zero and based on the Granger

causality, we can conclude that y does not cause x at horizon one. Let us now we
consider the model (7) at time t + 1 and we get:

036 0 [[Ve-1|+] 0 060 0 ||ve|+|veer| (9)
044 0.25][zc-1 0 040 050][wel [wesa

Xt+1 0.25 0.28 0.70][*t-1 0.50 0 0.701 [Ut Utt+1
YVer1| =

0
Zt+1 0

so that x4 is given by the equation:
Xep1 = 0.25x,_1 +0.28y,_1 + 0.70 z;_; + 0.50u; + 0.70w; + usq  (10)

Now we observe that the coefficient of y,_; in equation (10) is equal to
0.28. Accordingly to the Granger definition of causality, y causes x at horizon two.
Consequently, the absence of causality at horizon one does not exclude the
possibility of a causality at horizon two. This effect is transmitted by the variable z,
via the coefficients 0.40 (the coefficients of the one period effect of y on z) and
0.70 (the coefficients of the one period effect of z on x). At this point we have to
answer to the same question as above that is to say, how to measure the importance
of this indirect effect. Again, examining the existing literature, we conclude that
the classical measures didn't find acceptable answers to our question. However,
recent developments have arrived to clarify this question, in a relatively simple
way. We mention here, especially the papers of Dufour and Renault (Dufour and
Renault, 1998), respectively, Dufour and Taamouti (Dufour and Taamouti,2010),
who propose a new definition of the causality measure at any time horizon h > 0.

This paper is organized in four sections, the first one being this
introduction. In the second section we provide a VAR model, which will allow us
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to highlight the new measure of causality. The third section contains the main
contribution of our paper and studies the causality between GDP per capita,
investment allocated to physical capital and investments allocated to education,
and the last section presents final comments and conclusions.

2. A measure of causality - a VAR approach

The starting point of the developments presented in this section is the
model introduced by Dufour and Taamouti (Dufour and Taamouti, 2010). Without
loss of generality we consider the case of a three-dimensional stationary vector
process W, = [x,y;,z:]7, where the three variables are denoted by X, y and z, with
zero mean, characterized by the following VAR(1) representation:

Xt Dxx  Pxy Pxz][Xt-1 U
Ye| = |Pyx Pyy  Pyz||Ve-1|+ |Vt (11)
Zt Ozx  Pzy  Pzz]||Zt-1 Wt

or more compactly

DPxx  Pxy Pxz Xt U
Wi =W + Upd = [Pyx Pyy  Pyz|, We= [Ye|, U= [Ve|, (12)
Ozx  Pzy Pzz Z¢ W

where u;, v, and w; are Wiener processes with zero means and constant variances
and thus U, is a three-dimensional Wiener process with nonsingular variance-
covariance matrix . Of course, X, is a symmetric positive definite matrix. This
model is also called the unconstrained model.

The model from relation (12) can also be written:

(LW, = U, (13)

The statement of stationarity can be replaced by the claim that the value of
the roots of the lag polynomial

det[®(L)] =0 (14)

are all superior, in absolute value to one, where &(L) =13— ¢$L and ¢L
signifies the multiplication of matrix ¢ with variable L:
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Pxx (L) Pxy (L) Pxz (L) 1- <PxxL _<nyL —(szL
(L) = [Pyx (L) Pyy (L) Pyz W)= oL 1=y L —¢,,L |(15)
Pzx (L) Pzy (L) Pzz (L) —@zxL _<szL 1—¢z,L

The matrix ®*(L), also called the adjoint matrix of the matrix ®(L) is
given by:
Pxx(L) (p;y(L) ®xz(L)
O*(L) = [@yx (L) @yy(L)  @y2(L) (16)

Ozx(L) @z (L)  @z,(L)
With

Prx(L) = 1— ((pyy + (pzz)L + ((pyy(pzz - (pyz(sz)Lz;
Piy (L) = PyxL + (Py2P2x = Pyxpzz) L%,
Pxz L) = Pzl + ((pyx(pzy - (pzx§0yy)L21
(p;x L) = §0xyL + ((pxz(pzy - §0xy§ozz)L2:

(pj*/y (L) =1 = (@xx + P2z)L + (@rxPzz — (sz(pxz)Lzl (7)

(p;z L) = (szL + (¢zx(pxy - (pzy(pxx)l'z'
Ozx L) = PxzL + ((pxy(pyz - (pxz§0yy)L21
(pz*y(l') = §0yzL + ((pxz(pyx - @yz(pxx)l‘zl

QD;Z(L) =1- ((pxx + (pyy)L + (q)qu)yy - (pxy(pyx)LZ

The following equation is obviously true
O*(L)D(L) = det[d(L)]I; (18)
And finally obtain:
Det[®(L)] =1 — ¢1L + @,17 — @3l? (19)
Where:
P1 = Pxx + (Pyy + P2z,
P2 = (pyy + PxxPzz + (pyy(pzz - (pxycpyx—(sz(sz - (pychzy,

P3 = PxxPyyPzz — PxxPyzPzy — PxyPyxPzz + Pxy PyzPzx +
+ PxzPyxPzy — PxzPyyPzx (20)

Under stationarity, W; has the following VAR (o) representation:
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W= WU, Y1) = oMW = Y WY =1, (@21)
j=0
W, = Zq;,- Up_j where ;= ¢ and o= ¢° =13  (22)
i=0

Accordingly to Dufour and Taamouti (Dufour and Taamouti, 2010), the
two causality measures: from y to X, denoted by CLyx(h) and from z to X, denoted
by CL,,(h), at any horizon h, are given by:

Var [Xt+h |Xt; Yt]
Var[Xen|Xe Yo 2¢]

Var(Xeen|Xe 2]

Var[XenlXe Yo 2]

CLyx(h) = ln[ ] and CL,.(h) = ln[ ] (23)

The values Var[x,p|Xt, z:] and Var[xq,p|Xt, V¢ ] represent the variances of
the constrained models and Var([x.,.n|X:, Vi 2:] represents the variance of the
unconstrained model. Regarding the predictability, this can be judged as the
amount of information produced, by the past of the variable y and respectively, by
the past of the variable z, that can improve the forecast of x (t+h). As a result of the
Geweke causality definition, this measure can be interpreted, as a proportional
reduction of the variance of the forecast error of x (t + h) obtained by taking into
account the past of y and respectively the past of z. From the two above relations
in equation (23), we deduce that the measures of causality are defined in terms of
variance-covariance matrices of the constrained and unconstrained forecast errors.
To compute these measures, we need to determine the structure of the constrained
model and this one can be deduced from the structure of the unconstrained model
(12) using the following proposition (Litkepohl, 1993).

Proposition 1(Linear transformation of a VAR(p) process): Let U; be a p-
dimensional white noise process with nonsingular variance-covariance matrix, W;
be a p-dimensional VAR(p) process and let F be a (m, k) matrix of rank m. Then
the process V, = FW, has an invertible VARMA(p, q) representation with p <
kpandg < (k—1)p.

Suppose now that we are interested in measuring the causality from y to x
at a given horizon h, for the case of our VAR(1) process, thatisforp=1, m=2
and k = 3. Consequently we have: p < 3 and g < 2.We need to apply Proposition
1 to obtain the structure of process Wi = [x,,z]T". If we left-multiply equation
(13) by the adjoint matrix of ®(L), denoted ®*(L), we get

P*(L)D(L)W, = &*(L)U,, (24)

Where:
O (L)P(L) = det[P(L)]I5 (25)
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Thus, equation (24) can be written as follows:
det[® (L)W, = ®*(L)U, (26)

The equation (26) is another representation of the stationary invertible
VAR process W;, also called the marginal representation form. The model of the

1 0 0
process V; = [x,z]T can be obtained by choosingF = [ ]
0 0 1
On pre-multiplying (26) by F, we get

det[®(L)]V, = Fo*(L)U, (27)

The right-hand side of (27) is a linearly transformed finite-order VMA
process which, by Proposition 1, has a VMA(gG) representation with g <
p(k — 1) = 2. Thus, we get the model:

oe, - [P @ B @En] e o
2 t_[ezx(L) eZZ(L)] Lz,t]’ t_[ez,t]’ (€ =0,
Y. ift=s

E(E&s) = { (28)
Oift+s

The elements of the matrix 6(L) can be determined as follows:0,., (L) =
1 + 911L + élle'_HZZ(L) = 1 + 922L + 9_22112, GxZ(L) = HIZL + 9_12L2 ,
0,,(L) = 05, L + 0,,L?and thus we can write:

Ext T (911€x,t + 912€z,t)L + (9_11€x,t + 5125z,t)L2

e(L)gt == _ _
&zt T (921€x,t + 922€z,t)L + (921€x,t + 9225z,t)L2

] (29)

The right-hand side of the system (27) can also be written:

Qxx(Lue + @3y (L)ve + Qa;éz(L)Wt]

Fo*(L)U, = [ . . .
Pzx (L)ut + (pzy(L)vt + (pZZ(L)Wt

(30)

Substituting now the corresponding relations from equation (16) we get:
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U + ayq (U, v, W)L + aq (ug, v, we) L2
Fo* (L)U, = t 11 Ug, Vg, Wi 12 (U, Vg, Wy 2 31)
we + apq (Ug, Ve, W)L + azp (Ug, Ve, W)L

With
ayq(Ug, Ve, We) = _(<Pyy + (pzz)ut t Qyx Ve + Pz Wy,
Az (utr Ut, Wt) = ((pyy(pzz_¢yz¢zy)ut + ((pyz§02x - (pyx(pzz)vt +
+((pyxgozy - (pzx§0yy)Wt:
a21(ut: Vg, Wt) = QxzUp + PyzVe — ((pxx + qoyy)Wt
azz(ut' Yt Wt) = ((pxy(pyz_(pxz(pyy)ut + (¢xz(pyx - (pxx(pyz)vt +
+((pxx(pyy - (pxyfpyx)wt (32)

The left-hand side of (27) will generate the following two-dimensional
VAR(3) model:

Vi =@1Ve1 + @2V 2 — 3V (33)
The right-hand side of (27) will generate the model:

Ext T O118x -1+ 0126501 + O118x¢-2 + g12£z,t—z] (34)

M1, = [ _ _
&t t 021601+ 0226501+ 021602+ 0226, 2

and right-hand side of (27), via (28) will generate the following model:

M2, = [ut + ajUs—q + A2V 1 + A13Weq + b1qUsp + b1aVep + b13Wt—2]
P =
Wi + QpqUq + AoV g + Aa3Wi1 + DUy + bppVe_o + bazwi_;
(35)
Where:
a1 = _(Qoyy + (pzz)’alz = Pyx, A13 = Pzx»
A21 = QPxz) A2 = Pyz, A3 = _((pxx + (pyy)'

b,y = PyyPzz = PyzPzy, by, = PyzPzx — PyxPzz bi3 = PyxPzy — PzxPyy>
by, = Dy Pyz = PxzPyy, by, = PxzPyx — PxxPyz» bys = PxxPyy — Pxy

We obviously have M1, = M2, and we denote this by Q.. Thus we have,
in the same time:

Ve=01Vic1 — 02Veep + @3V + & + 01 + g,y (36)
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Ve = @1Vies — @oVeep + @3Vi_3 + Uy + AU,_1 + BU,_, 37)

In which,
Xt gx,t 0 912- _ 9_ 9_
(8 R W e
Zt EZ,t 021 922_ 921 922

b12 b13

e I (O B
‘ Wt, azq azo azs ’ _b21 bzz bzg

To determine the parameters of constrained model in terms of parameters
of unconstrained model, using first the relation (36), we obtain:
Var(w,) Cov(wq, wy)

C == E(Qtﬂz‘) == ]
Cov(w,, wq) Var(w,)

C =E[(e + Oy + Oee_p) (el +el10" + &_,67)],

Ci1 C o2 o
11 12] ’28 _ [ EX sxz] (39)

2
O-SX'Z O-SZ

C=3, 406207 +02.07 = [
C12 C22

More explicitly we can write:

Var(w,) = (1 +60f; + 670 + (67, + 05,)0%, +
+2(011012 + 011012)0.x, (40)

Cov(wy, wp) = (811021 + 011621)0% + (0126045 + 0,,05,)0%,+

+(1+ 61102, + 012051 + 011025 + 0120,1) 0y, (41)
Var(w;) = (031 + 031)03 + (1 + 603, + 63,)0%, +
+2(6031022 + 021622)0cx, (42)

Then, using the relation (37), we obtain:
C = E[(U; + AU,y + BU_)(U{ + U{_1 A" + U{_,B")] =

Ci1 Clz] [05 Uuw]
,2g = ,

=Xy + AZyAT + BLyBT = [
C12 C22

2
O-‘LI,W O-W
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2
Oy Ouwy Ouw
— 2
z:U = | Owv Oy Oyw (43)
2
Ouw Oyw Ow

The elements of the matrix C given by (43) are all known. Equating now
(40), (41) and (42) with the corresponding elements of (43) we obtain the first
system of three equations.

What we need now is to determine the covariance function of the two
white noise processes, w, ¢ and w, . Thus, from equation (36) we obtain:

C1 = E(Qu41,9Q¢) = E[(r41 + 0 + 1) (ef + {107 + &[_,07)],

(44)

Cl1=0%,+02.07 =

Cly; C1y,

More explicitly we can write:

Cov(a)l,t+1;w1,t) = 911(_1 +011)02 + [012(1 + 011) + 011615101+
+61,601,0% (45)

Cov(wl,t+1'w2,t) = 0,,0110% +_(911 + 021015 + 022011) 05+
+(612 + 62,01,)02% (46)

Cov(wz'Hl,_wl,t) = (_921 + 9119_21)<Zezx+
+(022 + 011025 4 0120,1) ¢y, + 0120,,02, (47)

Cov(wz,t+1'w2,t) = 9219_2105295_"' [021(1 + 033) + 052651 ]0c5,+
+0,,(1 + 0,3) 0%, (48)

From equation (37) we obtain:
C1=E[(Ug41 + AU, + BU,_)(U{ + U{_1 A" + U[_,BT)],
O-l% O-U.W
]:ZUI =1%uw Ovw (49)

2
O-‘Ll, w O-W

€1y, C1q,

Cl =AY, + B, AT =
o [6121 Cly,
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The elements of the matrix C1 given by (49) are all known. Equating now
(45) — (48) with the corresponding elements of (49) we obtain the second system of
four equations. Thus, from equation (36) we obtain:

C2 = E(Qu42, Q) = E[(er42 + 041 + Og) (el + €107 + €l_,67)],

€2 =03, = [CZH 6212] (50)
€231 (2
More explicitly we can write:
Cov(wl,t+2'w1,t) = 0,102 + 0120555, (51)
Cov(wl,t+2J wZ,t) = 01105, + 01205, (52)
Cov(wy iz w1,t) = 0,102 + 0220cx2, (53)
Cov(wz,wz' wZ,t) = 0710ex; + 02205 (54)

From equation (37) we get:

€2 = E[(Up4 + AUpyy + BU)(UF + U{_ AT + U{_,BT)]=

C2{; C24,
= BYy, = [ ] (55)
C25, C2,,

The elements of the matrix C2 given by (55) are all known. Equating now
(51) — (54) with the corresponding elements of (55) we obtain the third system of
four equations. Combining the three systems determined above we finally obtain a
non-linear system of eleven equations with eleven unknowns. We denote this
system by following equations:
(1 + 02 + 071)02 + 2(011612 + 011015)0cx, + (0%, + 075)0%, = Cyq
(011021 + 01101)0% + (1 + 011025 + 012021 + 011025 + 012051)0¢y,
+ (012027 + 0120,3)02, = Cy,
(031 + 05102 + 2(021025 + 021055)0cx, + (1 + 05, + 03,)05 = Cyp
011(1 + 011)02 + [012(1 + 011) + 01101510y, + 01261502 = C1y4
02101105 + (011 + 021015 + 022011)0cy; + (615 + 052615)02, = Cly,
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(621 + 011621)05 + (622 + 011052 + 012051) 0, + 01202208, = Clyy
02102108 + [021(1 + 032) + 02505110,x, + 022(1 + 025)0Z, = Cly,
01102 + 012065, = €24
0110ex; + 01204, = €24,
02105 + 023000, = C221
0210ex; + 02203, = (25, (56)

We can now try to measure the causality from z to x at a given horizon h,
for the case of the same VAR(1) process, that is for p =1, m =2 and k = 3. Using
the same procedure as above, the model of the process V, = [x.,y¢]T can be

1
obtained by choosingF = [

0
]and thus we get:
01 0

o(LIE, = Ext T (9115x,t + 912€y,t)L + (9_115x,t + 6_’125y,t)LZ] 57)
t = _ _
eyt (02184 + Gzzey,t)L + (02180 + szey,t)Lz
up + agq (ug, ve, W)L + agy (uy, vy, wy) L2
Fob*(L)U, = [ ¢ T a1 (U, Ve, Wy 12 (U, Ve, W 2] (58)
Ve + az1 (Up, Ve, W)L + azp (Ug, v, we) L
Where,

ayq(Up, Vg, We) = —((Pyy + Qazz)ut t Qyx Ve + QW
a12 (e, Ve, W) = (@yy Paz=Pyz Py St + (PyzPox — PyxP2z) Ve
+ (PyxPzy = PaxPyy )W,
az1 (Ue, Ve, We) = PxyUt — (Pxx + 02V + PzyWt
22 (Ue, Ve, W) = (@Prz Py =Py Pz ) e + (PrxPzz — Prx Prz)Ve +
(P2xPxy = PoyPax)We (59)

This time the left-hand side of (27) will generate the two-dimensional
VAR(3) model:

Vi = @1Vio1 + @2V — @3Vi3 (60)

The right-hand side of equation (27) will generate directly the model:
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M1, = (61)

Ext T 0118x -1+ 0128y -1 + 011812 + 912€y,t—2]

Eyt T 021811+ 0226y 1+ 0216012+ 0226,

and via (28) will generate the following model:

Y2, — [ut — Aq1Up—1 + AV 1 + AQy3Weg + byqUs_p + by 5 + b13Wt—2]
P =
Ve + ApqUs—q — QppVp—q + A3Wi_q + byqUs_p + byaVi_p + byswi_;
(62)
Where,
aj, = —(fpyy + <Pzz)ra12 = Qyx, Q13 = Pzxs
A1 = Pxy, Az = —(Qxx + Pz2), Q23 = @y,

by, = PyyPzz—PyzPzy, by, = DyzPzx — PyxPzz biz = PyxPzy — PzxPyy,
by, = PxzPzy — PxyPzz, b2 = Pxx®zz — PzxPxzr b2z = PzxPxy — ¢Zy§0xx.(63)

Proceeding as above and denoting Q, = M1, = M2, we can write:
Ve =01Vie1 — @2Vep + @3Vig + & + 0 + O (64)
Ve = 01Vee1 — 92Veop + @3Vi_3 + Uy + AU, + BU,_, (65)

Where this time we have:

2
Ju Guv

Xt Gszx Ocxy
Vt:[ ];Zs=[ » |'Zu1 = | Ow of (66)
Yt Ogxy  Ogz

Guw O-UW

And thus we obtain an alternative system of equations of (56) where, we
simply replace z by y. We denote this system by following equations:

(1 + 608 + 0202 + 2(0116012 + 011012)0cyy + (05, + 032)03, = Cy4
(011021 + 011021)02 + (1 + 011625 + 012021 + 01105 + 012051) 05y
+ (0126;; + 9_126_’22)05231 = (2

(031 + 031)0% + 2(02105, + 9_219_22)0-836}7 + (14065 + 9_222)05231 = (y;
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011 (1 + 611)0% + [012(1 + 011) + 011012105y + 6126,,03, = C1y4
02101102 + (011 + 021017 + 022011)0cyy + (612 + 0526015)05, = C1y,
(021 + 011021)02 + (022 + 011055 + 012021) 0y + 01205203, = C1yy

0210102 + [021(1 + 023) + 0220110y + 022(1 + 023)02, = Cly;

01102 + 01205y = €245
éllasxy + 6_’1205231 = (2,
02105 + 02305y = C254
0210exy + 02202, = €25, (67)

To quantify the degree of causality from y to x and from z to X, at horizon
h, we have to examine the two models: unconstrained and constrained. The two
equations describing the constraint and unconstrained model are defined as
follows:

Wi = oWeog + UV = @1 Viog — @V + @3Viz + & + 0,1 + Og,_,(68)

The corresponding variances will be computed as follows (see Dufour and
Taamouti, 2010):

h-1

Vi(h) = Var[W] = » J{yiZ,0fJ;, h=1  h=2.. (69)
b

Vo) = Varlvil = > Gz ¥ h=1  h=2,.. (70)
i=0

Where JT =11 0 0]7,J8 =[1 0]7 and {; will be computed similarly as y;
from the equation (12). Of course, the degree of causality could be determined for
any value of h but here we limit our analysis only for h=1, h=2 and h=3. From
equation (68) we obtain:
Wirr = OWe + Ugyq,
Wiz = O?We + dUpq + Upyy,
Wiz = ¢3We + $?Upiq + dUpp + Ugys,
Vier = @1Ve = 02Veoq + @3Veop + €¢4q + 0gp + Oep_y,

Verz = (0% — 0)Ve — (0102 — 93)Viq + 9103V p+

130



Long Run Multiple Causality Measure on Economic Growth

+@10e_1 + (010 + 0)er + (@113 + Oepss + €y,
Virs = [01(0F — 92) — 0102 + 931V, — [01(01902 — 93) — 931V, 1 +
+ @3(0F = 92)Viz + 0(9f — 92)e-1+[91 (010 + 6) — p,0]e, +
+(pF — )z + 910 + Olerss + (P1l + Oz + £y, (71)

From where we deduce that:

COVi(1) = Var(Weyq) = Zy,
COVy(2) =Var(Wyyz) =Xy + ¢2u¢T’ Yo =13, Y1 =0,
COVL(3) = Var(Wey3) = Zy + ¢Zyd" + $2Z,[¢7]7,
COV,(1) = Var(Vigq1) = I,

— — T — J—
COV,(2) =Var(Viyz) = Ze + Yy 2y, Yo = Iy, Yy =@l +6,
S ——
COV,(3) =Var(Viys) = Ze + U1 ey + Y Zey
Up = (pf — @) + 910 +6 (72)

Now we can apply this procedure to determine the causality measure from
y to x into the model described by equation (36), and to determine the causality
measure from z to x into the model (64). Of course, this causality measure is
positive. It can be equal to zero, only in the case where the causal relationship
between the considered variables is not present. Consequently, we can claim that a
higher causality effect generates a higher causality measure.

2. Causality between GDP and investment in physical capital,

respectively, investment in education

As it is well-known, physical capital and human capital are the two
essentials factors of production. One of the arguments in supporting the conclusion
that investments in physical capital and in education do contribute to economic
growth, is that almost all developed countries have a high rate of investment in
physical capital and a labor force with high level of education. On the other hand,
it is also obviously true that investments in physical capital and in education are
essentially conditioned by its economic degree of development. The question is if
we have enough arguments for all results obtained from mathematical models and
using statistical observations.

The results presented in this paper confirm that the answer is positive.
More than this by using various statistical tests to the results obtained from these
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models, we can conclude that the theoretical features are widely consistent with the
reality, as expected Sims (Sims, 1980). Proceeding in this manner, we are able to
validate some of the theoretical features taken into account in the construction of
the endogenous growth models.

The data used in this study are: the gross domestic product, the investment
in physical capital and the investment for education, for the period 1991 — 2014, all
of them as per-capita quantities, at constant 2005 prices. The source of these data is
the database of the World Bank Open Data and concerns the following three
countries: France, Germany and Romania.

The test of unit roots was first utilized to decide if all these series are or not
stationary. Because the result was negative, we decided to use the alternative
series, calculated by the difference. In accordance with the test of unit roots, the
transformed series are stationaries. We then estimated the parameters of the
unconstrained VAR model via the standard method of least squares and the results
for the three countries are given below:

France:
Xt 0.712490 —0.731680 3.847909][Xt-1 Up
Y:| =10.160881 0.033472 1.093596||Ve-1|+ |Vt
Zt 0.106788 —0.231727 0.017128]1%¢-1 Wi
Germany:

—0.083987 0.269590 0.814841||Yt-1|+ |Vt
0.033888 —0.030177 0.41788211%t-1 W

Xt 0.208608 —0.222308 2.459385] [Xt-1 Ut
Vel =
Zt

Romania;
Xt 0.480092 0.098697 —0.861671][Xt-1 Uy
Yel| =
Zt

0.020238 0.079549 1.685668 ||YVt-1|+ |Vt
0.041933 0.050574 —0.59836411%t-1 W

The unit roots test gives the following values: (1.65; 2.48; -4.08), (1.70;
3.16; -120.42) and respectively (2.16; 5.81; -1.48) and we can observe that all these
roots confirm the hypothesis of stationarity.

By using the procedure described above we can quantify the degree of
causality from investment in physical capital to gross domestic product and from
investment in education to gross domestic product, at horizon 1, 2 and 3. To
evaluate the degree of causality we need to write the corresponding equations
given by relations (36) and (64). Thus, for each country we have:
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France:
x¢ = 0.763x¢_1 + 0.003x,_, — 0.060x,_3 + &, — 0.046¢&, ;_4
+0.053&, ¢4 + 0.261g, ¢, — 0.059¢,,_,
x = 0.763x;_1 + 0.003x,_, — 0.060x_3 + & — 0.051e, ;4

+0.163¢y,;_1 + 0.254&, ;5 + 0.120¢,;_,
Germany:

X = 0.896x;_; — 0.179x_, — 0.002X;_3 + &5 — 0.7226, 1,
+0.285¢,,_, + 0.1488,,_, — 0.652¢,,_,
X = 0.896x,_; — 0.179x,_, — 0.002x;_3 + &5y — 0.687&, 4

—0.089¢),,_; + 0.137&,,_, + 0.065¢,,,_,
Romania:

x; = —0.039x,_1 +0.348x;_, — 0.054x,_3 + &+ + 0.579%, ¢4
+0.981¢e,, 1 — 0.143&,,_, — 0.452¢,,_,
.xt- = —0.039Xt_1 + 0.348xt_2 - 0.054Xt_3 + gx,t + 0'2088x,t—1
+0.824¢,,_ 1 — 0.283&, s, + 0.509¢,,_,
For each country, the first equation enable us to determine the degree of
causality from investment in physical capital (IPK) to gross domestic product
(GDP) and the second equation enable us to determine the degree of causality from

investment in education (IED) to gross domestic product, of course, at horizon 1, 2
and 3. The results are presented in the table below:

Table 1. The degree of causality from investment in physical capital,
respectively, investment in education to GDP

Causality of Causality of Causality of
Country horizon 1 horizon 2 horizon 3
IPK IED IPK IED IPK IED

France 0.362 0.406 0.319 0.358 0.293 0.341
Germany 0.331 0.405 0.312 0.361 0.309 0.347
Romania 0.393 0.274 0.388 0.253 0.386 0.231
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4. Conclusion and consequences

The results we have obtained enable us to claim that for all the countries
we considered, the measure of causality is not only positive but also it is persistent.
This conclusion is true for the both effects: investment in physical capital and
investment in education, on gross domestic product. If we examine the size of
values obtained for causality measures, we can also confirm that each of these
countries give a considerable importance to investments in education.

As we can observe, for the two developed countries, France and Germany,
the size of causality is higher than for the Romanian economy for the investment in
education and less for the investment in physical capital, but these results reflect
undoubtedly a trend — those two countries are the European countries that allocate
considerable resources for the education process. Furthermore, is very important to
see that in all studied countries the causality effect is persistent.
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