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A bstract

The Gini index is often used to measure the income inequality presented inside a
specified group of individuals and sometimes also for evaluating the “poverty” degree
of this population. In this article we show that Gini’s index is not always so adequate to
measure the poverty level of an analyzed population. More precisely, we’ll get two
very different income distributions which finally give the same value for Gini’s index.
Having in mind this aspect, we recommend with priority to use the Gini index only
together with other similar or complementary poverty indicators to evaluate the
poverty level of a given population.
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_1. Gini’s measure

Let V', 0<V <b , be arandom variable (r.v.) which defines the “income” distribution
of the individuals from a given population P . The income v of an arbitrary person
from P is nonnegative and, more, it is upper limited by the threshold b, b > 0, that is
0<v<h.

We denote by f(v) and F(v), 0 <v < b, the probability distribution function (p.d.f.),
respectively the cumulative distribution function (c.d.f.) of the r.v. V' ( Papoulis, 1990 ).
Taking into consideration the wages v for every person of the population P, the
classical Lorenz curve visualizes graphically the variation in the proportion of
individuals who have their income below an arbitrary thresholdv, with 0 <v <)
(Gastwirth, 1971). In this manner, we obtain a suggestive image about the fluctuation

in the average income for the groups having individuals with their wages below the
threshold v (Gastwirth, 1971).
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Concretely, the Lorenz curve L(u), 0 <u <1, attached to the r.v. V' has the form
(Gastwirth, 1971)

L(u) = lli[F“ (1) dr = S@)
M JZ

where: F7'(f) , 0<t<1 ,isthe inverse of the c.d.f. F(v) , u=Mean(V) and

S(u)sz-l(z)dt , 0<uc<l.
0

The use of the Lorenz curve is a very suitable graphical method to establish how large

is the income inequality between the persons of the population P . In fact, the Lorenz
curve permits us to compare and to visualize the income discrepancies, providing also

information about the distribution of income depending on the mean wage of P
(Gastwirth, 1971). The paper of Gastwirth suggests us some possible extensions
regarding the concept of the “Lorenz curve”. Many other methods for comparing
multidimensional indices of inequality are discussed in Lugo, 2007.

Comparatively with other indicators used to evaluate the poverty degree of the

population P, the Gini's index measures the income inequality on the basis of the
classical Lorenz curve (Gastwirth, 1971). We must mention here that the Gini index y

is certainly the most popular indicator for measuring the inequality level of a given

population P (Chakravarty, 1983; Maasoumi, Lugo, 2008; Sen, 1976; Zhou, Ang,
2010; Donaldson, Weymark, 1980; Foster, Greer, Thorbecker, 1984; Foster,
McGillivray, Seth, 2009; Gastwirth, 1971; Kakwani, 1980; Lugo, 2007; Somarriba,
Pena, 2009; Stefanescu, 2009; Yitzhaki, 1983).

Concretely, respecting the previous notations, the Gini's index y(}') associated to
the income distribution V' has the expression

y(7)=2 [(u—L(w)) du =1 _2 [S@) du
0 lu 0

Finally, we remark that the Gini's index y(}') satisfies four essential conditions which
are often imposed to any good poverty index:

A1.Continuity (Gini values are not so different for closed distributions).
A2.Anonymity(the invariance of the Gini index to a permutation of the income values ).
A3.Invariance when we change the measure scale for the income.

Ad4.Dalton-Pigou transfer principle (the Gini index decreases when “money” is
transfered from “rich” to “poor” people).

More details could be found in the following papers: Chakravarty, 1983; Foster, Greer,
Thorbecker, 1984; Donaldson, Weymark, 1980.
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Nevertheless, all these necessary axioms A7-A4 are not sufficient for selecting an
acceptable poverty indicator. More precisely, in the following we will show that the Gini

index can take the same value for very different income distributions V.

2 . A case study

2.1. Hypotheses

Roughly speaking, the population P could be partially characterized by the pair of
probabilities (p,q) with p>0, g>0 , p+g <1 having the following meaning :

e p is the proportion of the “poor” people in the population P ;

e g is the proportion of “rich” persons inside P .

Hence, 1— p —¢q represents the probability of the individuals in the population P who

belong to the “middle class”.
To simplify the next computations, we will impose the additional restrictions:

H1. The income variable V' varies in the interval [0, 1] , that is we take the upper
income bound b =1 ;

H2. Respecting the previous notations and the condition H7 we consider
p=Pr(0<V<1/4), q=Pr(3/4<V <) ;

H3. The r.v. V is uniformly distributed for the income categories [0.0, 0.25],
(0.25,0.75), and [0.75,1.0], which define a partition of the domain [0,1] (
the support for the income variable V" ).

Remark 1. The hypothesis H1 is not restrictive, since the Gini’'s index remains
invariant if the unit for measuring the income V' is modified (the previous axiom A3;
see also Chakravarty, 1983; Foster, Greer,Thorbecker, 1984; Donaldson, Weymark,
1980). Having in mind this property, to simplify the next computations, we accept in

the subsequentthat 0 <V <1.

Remark 2. The condition H3 results naturally by applying the statistical principle
regarding the insufficient reason (additional details in Papoulis, 1990, p. 17).

For more accuracy, we denote by V(M) a r.v. V', which satisfies the mentioned

conditions H17-H3 with specified values for the probabilities p and ¢ .

2.2. Theoretical results
Respecting all the hypotheses H1-H3 the p.d.f. fM (v) of ther.v. V., has the form

4p ; for 0<v<1/4
frgW)=12=-2p=2q ; forl/4<v<3/4
4q ; for3/4<v<1
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Proposition 1. Forany p>0, g=>0 , p+¢g <1 we get
4-3p+3
Hpg = Mean(V(p,q)) - 187 4

Proof. Indeed
1

Hpq = Mean((p,q)) = Ivfp,q (v)dv=
0
1/4 3/4

= |4pvdv+ |(2-2p-2q)vdv+ 14quv:
0

1/4 3/4

4-3p+3q
8
Since the c.d.f. F, (v) ofther.v. V, , is given by the formula

Fy0) = [f,,0)di

we finally deduce

4pv ; for0<v<1/4
F,,(0»V=1C@p+q-1D/2+2-2p-2q)v ; forl/d<v<3/4
1-4g+4qv ; for3/4<v<l1

The linear form, on the subintervals [0,1/4] , (1/4,3/4) , and [3/4,1]
respectively, for the c.d.f. FM (v) is emphasized in Figure 1. Interpreting the graph in
Figure 1 we also deduce the concrete significance of the probabilites p and g when
p=20,9g20, p+g<l.

Figure 1

The c.df. F, (v) of the income variable V, ,

F(v)

A
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0 1/4 3/4 1
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. . . -1
After a direct calculus, the inverse function F, (#) of the c.d.f. F, (v) has the

expression
1/(4p) ; for0<t<p
F,,(0)=1 (t=Gp+q-1)/2))/(2-2p-2q) ; for p<t<l—gq
(1-1+4q)/(4q) ; forl-g<t<1

Proposition 2. The application
_ -1
S, )= [F, (tydt , 0<u<l.
0

is given by the formula
cote utce,u’ ; for0<u<p
2.
S,,W)=1 cyytcyutceyu” 5 for p<u<l—gq

2.
Cyteyutcpu- ;5 forl-g<u<l

with
1
¢,y =0 ¢, =0 c12:8_
p
3p°+pg-p 1-3p—q 1
Coo =g Coyy =~ < Copp=—— <
81-p-q) 41-p-9q) 41-p-q)
3¢° -3pg—-4q+1 4q -1 1
30 = Cyy =— Cn =5
84 4q 84
Proof. Forany 0<u < p we deduce
Sp’q(u):J‘Fp’j](t)dt j—dz—g u’
0 p
When p<u<l—gqg it results
. b o t—Bp+g-1)/2
S,,()=[F, (0)dt=[F,} () di+ [F, (0)dt =S, (p)+ j Gp "_2) dt =
0 0 » 2p-2q
p u—p
=—+———W-2p—qg+=
8 4(-p-q)
2
_3p"+pg-p 1-3p-q . 1 2

u
81-p-q) 4l-p-q) 4l-p-q)
When 1—¢g <u <1 we finally obtain
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u

u 1-¢q u
S, ()= jFl;‘q(z) dt = jF,;lq(z) dt + jF,;;(t) di=S, (1-q)+ j
0 0 1-q

I-q

t-l+4q o
4

:4—3p—4q+£+(4q—l)u+7q2—8q+1 _

8 8q 4q 8¢q
2
_ 3q —3pq—4q+l+4q—l u+Lu2
8q 4q 8¢

Proposition 3. For any r.v. V,

gy With p=0, g=>0 and p+q<1 the value of

Gini index y(V,, ) has the expression
Proof. Using Proposition 2 we get successively
P 2
2, % 3 1

P
C
1= JSp,q(u) du = ,[(Clo+Cu”+C12“2)duzclop+%p TP =P =5,
0

0

1-gq I-gq
I, = J.Sp’q(u) du = J.(czo e, utcpu’) du=
P P

=y ((1—61)—10)+—c§1 ((1—4)2—P2)+—c;2 (1-¢)°-pH)=
3p2+pq—p 1-3p—q 2 2
- - - 1— — L 1 1_ _
80— p—2) ((1-9) p)+8(1_p_q)(( 9" —p7)+

2 2
1 2p° +5g° +7 —-7p—-10g +5
120-p—q) 24

1 1
I, = jSp,q(u) du = f(cw ey u+cy,u’) du =
I-¢q

=y (1—<1—q>)+%(1—(1—q)2)+%(1—(1—q)3)=

_ 3¢ -3pg—4q+1
8q

e+ g a oy L aia—gyy =
(I-1-g)+ 84 a-da q))+24q(1 (I-9)")

B -2¢° -9pq+12¢q
24

Hence

1 P l-q |
j S, () du = j S, () du+ j S, () du+ j S, () du =
0 0 p 1-¢q
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3p*+3¢> -2pg-Tp+2g+5
24
Applying Proposition 1 and using the last result we deduce the Gini’s index y(V,, )

=1 +1,+1;=

of the random variable V. that is

(r.q) ?
2+5p+5q+4pq—6pz—6q2
34-3p+39)

2 1
M) =7V p) =1 [S,, @) du=
0

p-q

_3. Concrete results

3.1. The variation in Gini’s index

The variation in Gini's indexes h(p,q) =y(V,, ) attached to the income variables

4

(g With p 2 0,920, p+gq <1 isrepresented graphically in Figure 2.

The concrete form of the surface z=h(p,q) , p=0,g=>0, p+¢g <1, specified
by Proposition 3 suggests us the possibility to choose different parameters (p,q),
which give the same value for the Gini index y(V,, ) (see also Figure 2).

Figure 2

The surface z=/(p,q) for the Giniindex y(V, )
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Table 1
The values of the Gini index y(V, ) for different 0< p,g <1

P g=0.1 | g=0.2 | g=0.3 | g=0.4 |qg=0.5 | g=0.6 | g=0.7 | g=0.8 | g=0.9

0.1 10243 [0.254 | 0.255 |0.248 | 0.233 | 0.213 | 0.189 | 0.160 | 0.127

0.2 10.296 | 0.307 | 0.307 |0.299 |0.283 | 0.262 | 0.235 | 0.205 | --

0.3 10.345 | 0.357 | 0.357 |0.347 | 0.330 | 0.308 | 0.280 | --- —

04 | 0391 [ 0404 | 0404 |0.393 |0.375 |0.351 |-- - —

0.5 | 0433 | 0447 |0.447 | 0436 | 0417 | - — -—- -

0.6 | 0469 |0.486 | 0486 | 0475 | -- — - -—- -

0.7 | 0.497 | 0517 | 05619 | —

0.8 | 0512 | 0.539 | —

0.9 ]0.508 | --- - -— - -— — — —

This idea is clearly sustained when we represent the contour curves of the surface
z="h(p,q) forimposed levels z of the Gini index (Figure 3).

Figure 3
The contour curves obtained for different levels of the Gini index
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More details are presented in Table 1, where the Gini index }/(V( )) is computed for

pPq
an arbitrary income distribution ¥, ., with p>0, ¢>0, p+g<1.

3.2. Examples and comments

Example 1. Applying Proposition 3 we deduce the concrete Gini index values ¥ (V)

for many possible distributions (p, 7, q) of the income variable V(p,q), where

r=1-p—q.

The analyzed income distributions V, , 1<k <26, are presented in Table 2.

Interpreting the values from Table 2 we remark :

e There are many different income distributions (p, r, g) with the same value for
the Giniindex (V).

o If we intend to use the Gini’s index for quantifying the intensity of the poverty
phenomenon, then we could obtain the same y value for the populations B, with

very distinct proportions p, of poor people. One should compare, for example, the
income variables 7 and V,,, where the proportions of the poor group are very

different (Table 2). The contrast between the populations P, and B, is pointed out

more clearly in Figure 4.
Table 2

The Gini index y(V,) for the income distribution (p; , ;. q;)

k Py Tk qy y(Vo) k Py Tk qy rV)

0.300 | 0.322 [ 0.378 0.35 0.300 | 0.570 [ 0.130 0.35

1 2

3 0.350 | 0.135 | 0.515 0.35 4 0.350 [ 0.623 | 0.027 0.35
5 0.400 | 0.254 [ 0.346 0.40 6 0.400 | 0.446 [ 0.154 0.40
7 0.450 [ 0.067 | 0.483 0.40 8 0.450 | 0.500 [ 0.050 0.40

9 0.500 [ 0.500 | 0.000 0.40 10 | 0.950 | 0.041 0.009 0.40

11 [ 0.550 | 0.016 [ 0.434 0.45 12 | 0.550 | 0.359 | 0.091 0.45

13 | 0.600 [ 0.358 | 0.042 0.45 14 | 0.650 | 0.335 [ 0.015 0.45

15 [ 0.700 | 0.299 | 0.001 0.45 16 | 0.800 | 0.200 | 0.000 0.45

17 |1 0.850 [ 0.140 | 0.010 0.45 18 [ 0.900 | 0.074 | 0.026 0.45

19 [ 0.950 | 0.001 0.049 0.45 20 | 0.650 | 0.010 [ 0.340 0.50

21 | 0.650 [ 0.174 | 0.176 0.50 22 | 0.700 | 0.190 [ 0.110 0.50

23 | 0.750 | 0.167 | 0.083 0.50 24 | 0.800 | 0.126 [ 0.074 0.50

25 | 0.850 [ 0.075 | 0.075 0.50 26 | 0.900 | 0.013 [ 0.087 0.50
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Some selected income distributions VJ- , V. from Table 2 were compared graphically

in Figure 4 by using the bar-type diagrams. Moreover, the variables Vj , Vi verify the

equality y =y(V,)=y(,).

In the following, we shall comment shortly the four bar diagrams of Figure 4:

The proportions of the poor in the populations F, and P, are close (between 0.30

and 0.35 in Table 2). But these two populations are clearly very distinct if we take
into consideration the middle class or the rich people. Finally, the relation

y(V))=yW,)=0.35 is obtained.
The populations P, and P, are clearly dissimilar. Compare, for example, the

proportions of individuals who belong to an arbitrary income category (the poor,
middle class or rich people) in these populations (Table 2, Figure 4). Nevertheless,

we get the equalities y (V) = y(V,,) = 0.40 (Table 2).
The both populations P, and F, are not middle-class (Table 2, Figure 4) but
they are enough distinct related to their proportions of the poor or rich people (see
the concrete values in Table 2). However, the equality y(V,,)=y(V},)=0.45 is
obtained (Table 2).
An analogous discussion is related to the groups P,, and P, where we get the
relations y(V,,) = y(V,s) = 0.50 (see Table 2 and Figure 4).

Figure 4

The distributions (p,r, g) of the random variables J/; and V,

Gini=0.35  (j=1 . k=4) Gin=04 (=5 . k=10)
1 T T 1 1 1 I I
DB}------- e T PR 0B8}------- - e TR
06 }-mma- S T — 06}l S —
04]-menav A o] 04|l - SRR
D2} N | W . 0.2} - T
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G5 (11, Keto) | Gn05 (20 , k=26)
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msnd} . Final remarks

In the previous sections we proved that Gini’s index is not always quite adequate to
measure the poverty phenomenon. For this reason, we must improve the classical
Gini index by proposing new extensions (Chakravarty, 1983; Foster, Greer,
Thorbecker, 1984; Kakwani, 1980; Yitzhaki, 1983; Donaldson, Weymark, 1980).

Moreover, we recommend using comparatively many other complementary indices for
measuring the social inequality. We mention here the indicators based on the entropy
principle (see, for example, the Sen or Theill indices; Kakwani, 1980; Somarriba,
Pena, 2009), the application of the minimum informational energy for choosing an
appropriate measure for the poverty (the Onicescu coefficient, see Onicescu,
Stefanescu, 1979), to select the robust indicators on the basis of an ordinal approach
(Sen, 1976; Foster, McGillivray, Seth, 2009), to establish a natural correlation with
other associated processes (for example, the polarization phenomenon treated by
Stefanescu, 2009) or to combine and weight, too, the known indices to obtain new
composite coefficients (Zhou, Ang, 2010).

Nevertheless, we could not neglect the multidimensional approach of the poverty
phenomenon, where, beside the income component, many other discriminate
variables between individuals (Lugo, 2007, Maasoumi, Lugo, 2008) are used
frequently.

In fact, any indicator like ¥ (F") , which is associated to a c.d.f. F'(v) approximates the
global behaviour of the v data. For this reason, the index y(F') is more adequate to
measure only some characteristics of the distribution F' (for example, the inequality,
the polarization or the asymmetry properties).

Finally, we remark here that all the newly proposed inequality indicators must verify at
least the four mentioned axioms A7-A4, which are imposed by the specificity of the
poverty phenomenon.
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