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Abstract 

A market portfolio plays an important role in many financial theories and models. It is 
at the heart of the capital asset pricing model and other multivariate models. Because 
of the market portfolio cannot be observed directly, proxy portfolios must be used to 
conduct empirical studies. Unfortunately, many studies found these proxies to be 
inefficient and even removed from the efficient frontier. According to two-fund 
separation theorem, we take two steps to discover the efficient market portfolio. Our 
thinking is straightforward and proves that our market portfolio is not only an efficient 
portfolio but also is situated on the capital market line. Many researches have shown 
that the market portfolio is extremely sensitive to performance measurements. Hence, 
our findings may significantly influence financial research. 
 
Keywords: asset allocation, two-fund separation, capital market line, HJB equation, 

dynamic programming setting 
JEL Classification: D81, G11 

1. Introduction 

A market portfolio is a theoretical portfolio that includes every available type of asset 
at a specific proportion to its market value. This concept plays an important role in 
many financial theories and models and is at the heart of the capital asset pricing 
model and other multivariate models. Because the market portfolio cannot be 
observed directly, proxy portfolios are used to conduct empirical studies, the most 
popular of which is typically a general stock market index. For example, many US 
studies use the CRSP equal-weighted or value-weighted index; meanwhile, most 
international studies use the MSCI global index. In individual countries, the FTSE100 
in the UK, DAX in Germany, and the S&P500 in the US are also popular proxies for a 
market portfolio.  
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Many studies have examined the mean-variance efficiency of various market proxies, 
finding that these proxies are inefficient and typically beyond the efficient frontier.3 
Levy (1983), Green and Hollifield (1992), Huang and Satchell (2002), and 
Jagannathan and Ma (2003) have shown that portfolios on the efficient frontier should 
typically feature many short positions, implying that all of those positive-by-definition 
market proxies are inefficient. Besides, Roll (1978), Dybvig and Ross (1985) and 
Green (1986) have shown that performance measurements are extremely sensitive to 
market portfolio choice. Hence, identifying an efficient market portfolio is a very 
important matter. 
Tobin (1958) first discussed the idea of two-fund separation by analyzing the portfolio 
demand in a mean-variance setting. Since then, much research has shown that 
portfolio allocation decisions may be reduced into a two-stage process. Individual 
investors should first decide the relative allocation across risky assets and then decide 
how to divide total wealth between risky assets and risk-free ones. Since significant 
literature already exists on portfolio separation theorems, we have chosen to refer to 
textbook overviews such as Ingersoll (1987) and Huang and Litzenberger (1988) to 
provide a detailed overview of various separation results. According to the two-fund 
separation theory, all investors hold a combination of risk-free assets and a market 
portfolio. Therefore, by way of individual investor’s optimal asset allocation strategy, 
we may discover the market portfolio.  
Over the past decades, continuous-time methods have become integral to financial 
economics research, important to several core areas such as consumption- portfolio 
selection, asset pricing theory, and options valuation. Merton (1969, 1971) was a 
pioneer in continuous-time modeling by formulating the intertemporal consumption 
and the portfolio choice problem of an individual investor. Lucas (1978) and Breeden 
(1979) developed a simple relationship between consumption and asset returns, 
contributing to the emergence of consumption-based asset pricing theory. In this 
paper, we first determine an individual investor’s optimal asset allocation strategy in a 
stochastic dynamic programming setting. Then we vary the risk aversion coefficient to 
make the position of risk-free asset held by the individual investor equal zero. As 
shown in Figure 1, we first determine the optimal portfolio selection, Q, and then shift 
Q to M along CML (capital market line). For the time being, M is the market portfolio. 
Our thinking is straightforward and proves that M is not only an efficient portfolio but 
also is situated on the capital market line. Since the market portfolio is extremely 
sensitive to performance measurements, our results are significant. 
The remainder of this paper is organized as following. Section 2 expounds individual 
investor’s utility function, section 3 depicts the economy, section 4 finds the market 
portfolio, section 5 proves the efficiency of the market portfolio, section 6 gives a 
numerical example, and section 7concludes. 
 

                                                           
3 See Jobson and Korkie (1982), Shanken and Roll (1985), Kandel and Stambaugh (1987), 

Gibbons et al. (1989), Zhou (1991), MacKinlay and Richardson (1991), and Hwang and 
Satchell (2002). 
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Figure 1 
Two steps to determine the market portfolio 
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2. The utility function 

To determine an individual investor’s optimal asset allocation strategy in a stochastic 
dynamic programming setting, we must apply a utility function in advance. Cass and 
Stiglitz (1970) have shown that the two-fund separation holds if an investor has a 
HARA (hyperbolic absolute risk aversion) utility function. By two-fund separation 
theorem, an individual’s demand for the market portfolio is proportional to his wealth. 
Therefore, the market portfolio should be a normal good. We ascertain whether the 
HARA utility function (negative exponential utility function, quadratic utility function and 
power utility function) regard the market portfolio as a normal good. 
W0 is assumed to be the initial wealth of an individual investor and rM is the expected 
rate of return of the market portfolio. If the individual invests M dollars in the market 
portfolio and (W0–M) dollars in the risk-free asset, his uncertain end of period wealth, 
W~ , would be: 

( )( ) ( ) ( ) ( )fMfMf rrMrWrMrMWW~ −++=+++−= 111 00   

Let U (·) be the utility function of individual investor. Then, the individual’s choice 
problem is: 

 ( )( ) ( ) ( )( )( )fMf
MM

rrMrWUEMaxW~UEMax −++= 1  0  (1) 
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The first-order and second-order conditions of Equation (1) are ( )( ) 0 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− fM rrW~UE '  

and ( )( ) 0  2 <⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− fM rrW~UE " , respectively. Hence, individual investor have maximum 

expected utility when ( )( ) 0 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− fM rrW~UE ' . We ascertain whether the individual 

investor’s demand of the market portfolio is proportional to wealth, i.e. 00 >dWdM , 
00 =dWdM  or 00 <dWdM . The implicit differentiation of M with respect to W0 is: 
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Because of ( )( ) 0  2 <⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− fM rrW~UE "  and 01 >+ fr , we know: 
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Under decreasing ARA (absolute risk aversion), in the event that fM rr > , we have 

( )frWW +> 1~
0  and: 

 ( ) ( )( ) fMf rr,rWARAW~ARA >+<     if      10  (2.1) 

In contrast, in the event that fM rr < , we have ( )frWW +< 1~
0  and: 

 ( ) ( )( ) fMf rr,rWARAW~ARA <+>     if      10  (2.2) 

Multiplying both sides of Equation (2.1) and (2.2) by ( )( )fM rrWU −−  ~'  yields: 

 ( )( ) ( )( ) ( )( ) fMfMffM rr,rrW~UrWARArrW~U '" >−+−>−     if        1 0  (3.1) 

 ( )( ) ( )( ) ( )( ) fMfMffM rr,rrW~UrWARArrW~U '" <−+−>−     if        1 0  (3.2) 
Equation (3.1) and (3.2) imply: 

 ( )( ) ( )( ) ( )( ) 0  1 0 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−>⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− fMffM rrW~UErWARArrW~UE '"  

Under decreasing absolute risk aversion, the implicit differentiation of M with respect 
to W0 is positive ( 00 >dWdM ). Similarly, under increasing absolute risk aversion, the 
implicit differentiation of M with respect to W0 is negative ( 00 <dWdM ). Under 
constant absolute risk aversion, the implicit differentiation of M with respect to W0 
equals zero ( 00 =dWdM ). Arrow (1971) shows that decreasing absolute risk 
aversion over the entire domain of ARA implies that the risky asset is a normal good, 
increasing absolute risk aversion implies that the risky asset is an inferior good, and 
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constant absolute risk aversion implies that the individual’s demand for the risky asset 
is unaffected with respect to initial wealth. We can summarize as follows: 

 

good.  neutral a is portfolio market The      0      0

good.  inferior an is portfolio market The      0      0

good.  normal a is portfolio market The      0      0
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Table 1 
The characteristic of market portfolio under different utility functions 

 Negative exponential 
utility 

Quadratic utility Power utility 
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The characteristic of market 
portfolio 

neutral good inferior good normal good 

Note: 0>dWdC  

As shown in Table 1, only the power utility function regards the market portfolio as a 
normal good, but the others do not. Hence, we adopt the power utility function and 
take the utility function of individual investors as: 

 ( ) ( )[ ] 0   >β−=−= β−β− ,WCCCU ttt  (4) 
This is a well-known strictly concave power utility function, i.e. U'(Ct) > 0 and  
U"(Ct) < 0. 

3. The economic setting 

In the market, N risky assets and one risk-free asset are assumed and all of these 
securities may be infinitely divided with the returns accrued only in the form of capital 
gains (no dividend payout). Taxes, transaction costs, and short-sell constraints are all 
inapplicable. 
Assuming the price of the jth asset at time t, Sjt, follows the Ito process with the 
following differential equation:  

 jjj
jt

jt dzdt
S
dS

σµ +=  

where 
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zj is a Wiener process. 
µj is the expected instantaneous rate of return of the jth risky asset at time t. 
σj is the standard deviation of expected instantaneous rate of return of the jth risky 

asset at time t. 
 
Let Bt be the total amount of the risk-free asset that the investor holds at time t and the 
dynamics for Bt is given by:  

 dtr
B

dB
f

t

t =  

where rf is the expected instantaneous rate of return of the risk-free asset. 
Let Wt be the total wealth held by an investor at time t, comprising the formula:  

 t

N

j
jtjtt BSnW ∑

=
+=

1
 

where njt is the number of shares of the jth risky asset held by the investor at time t. 
Then, we have the dynamic stochastic process of the total wealth: 

 ( )[ ] dtCdtWrWdzdtrwdW ttf

N

j
tjjfjjtt −+σ+−µ= ∑

=1
  (5) 

where 
Ct is the consumption of the investor at time t. 
wjt is the proportion of the total wealth that the investor invests in the jth risky asset 

at time t, j = 1,…, N . 

4. The market portfolio 

As shown in Figure 1, we take two steps to determine the market portfolio. In Step 1, 
we look for an individual investor’s lifetime portfolio selection (the point Q in Figure 1) 
in a stochastic dynamic programming setting. In Step 2, we shift Q to M along the 
capital market line. 
 
Step 1: Finding Q in Figure 1 
We assume that the individual investor desires to solve the following dynamic portfolio 
choice problem:  

 ( ) ( )⎥⎦
⎤

⎢⎣
⎡ +τ∫ τ

τδ− T,WB dCUeEMax T
T

tt
,Ct  

 
'w

  
t

 

s.t. Equations (4) and (5), Ct > 0, Wt > 0. 
where ( )TWB T ,  is the bequest function. 

Let ( )tWJJ t ,=  be the well-behaved function such that:  

 ( ) ( )⎥⎦
⎤

⎢⎣
⎡ +τ= ∫ τ

τδ− ,TWBdCUeEMaxJ T
T

tt
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The Hamilton-Jacobi-Bellman (HJB) equation is: 

 ( ) ( )
⎭
⎬
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⎩
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⎧ ++−++= δ− 2

ttttt
 

'w
wΣ'w

2
1µ'w0

t
tWWtttftWt

t
,C

WJJCWrWJCUeMax
t

 (6) 

where 
wt is the N ×1 vector with representative elements wjt. 
wt' is the transpose of wt. 
µt is the N ×1 vector of expected instantaneous rate of excess return of risky 

assets at time t. 
Σt is the N ×N variance-covariance matrix of the expected instantaneous rate of 

return of risky assets at time t. 
JW denotes the derivative of J with respect to Wt , with a similar notation used for 

higher derivatives. 
Jt denotes the derivative of J with respect to t. 
 
The first order conditions to Equation (6) are: 
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As showed in Merton (1969), we have the following optimal asset allocation strategy 
for the investor:  
 t

1
tt µΣ

1
1w −

β+
=  

Step 2: Shift Q to M along CML 
After determining the investor’s optimal asset allocation strategy, we alter the risk 
aversion coefficient to make 1'1wt =  (1 is the N ×1 vector with representative elements 

1). This implies that 1Σ'µ1 1
tt
−=β+  and the investor holds a zero share of risk-free 

assets. At this moment, the investor invests all wealth into a market portfolio, which is 
shown as: 

 
1Σ'µ

µΣw 1
tt

t
1

t
M −

−
=  (7) 

Our thinking is straightforward and the market portfolio determined in our model is 
definitely not a positive-by-definition market portfolio. In the next section, we confirm 
the efficiency of the market portfolio. 

5. Proving the efficiency of our market portfolio 

The market portfolio is a unique efficient frontier portfolio situated on the capital 
market line. Thus, we must prove two matters: 1) that our market portfolio is an 
efficient frontier portfolio and 2) that our market portfolio is situated on the capital 
market line. 
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Our market portfolio is an efficient frontier portfolio 
A portfolio is a frontier portfolio if it has the minimum variance among portfolios with 
the same expected rate of return. In the mean-variance efficiency world, the investor 
selects the following weighting vector to minimize risk (variance) for given expected 
return ( )pt rE . 

 wΣw'
2
1   1

t
w

−Min  

 s.t. ( ) ( )ptf rEr =+ 1µw' t  
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Forming the Lagrangian, and let wp be the solution to the following: 
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where λ and γ are two positive constants. 
The unique set of portfolio weights for the frontier portfolio having an expected rate of 
return ( )pt rE  is: 

 ( )pt rhEg +=pw  (8) 
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Concerning our model, the expected rate of return of our market portfolio is 
represented as: 

 ( ) ( ) ffMt r
a
brrE +=+= 1µ'w tt  (9) 

Given the expected rate of return, ( ) fMt r
a
brE += , the unique frontier portfolio is: 
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Hence, our market portfolio shown in Equation (7) is a frontier portfolio. Since a 
frontier portfolio is not necessarily an efficient one, we must further prove that our 
market portfolio is also efficient. Huang and Litzenberger (1988) demonstrate that the 
set of all frontier portfolios is called the portfolio frontier, one important property of 
which is that for any portfolio p on the frontier, except for the minimum variance 
portfolio, there exists an unique frontier portfolio, denoted by ( )pZC , featuring a zero 
covariance with p. If p is an efficient portfolio, then ( )pZC  is an inefficient portfolio, and 
vice versa. Therefore, frontier portfolios, which have expected rates of return strictly 
higher than that of the minimum variance portfolio, are efficient portfolios. 
Let p be an arbitrary frontier portfolio. By Equation (8), the variance of the rate of 
return of portfolio p is: 

 ( ) ( )
CC

ArE
D
Cr ptp

1wΣ'w
2

ptp
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The first-order and second-order differential of ( )prσ  with respect to ( )pt rE  are 

( ) ( ) ( )( ) ( )pptptp rDCArECrdErd σ−=σ  and ( ) ( ) ( ) 0 1 322 >σ=σ pptp rDrdErd , respectively. 
Apparently, p is the minimum variance portfolio when ( ) CArE pt = . By Equation (8), 
the covariance between our market portfolio M and its corresponding zero covariance 
portfolio ( )MZC  is: 
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Replacing Equation (9) into above equation, we have the expected rate of return of 
( )MZC  as: 
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Because of fr  is less than the expected rate of return of minimum variance portfolio, 

C
A , ( )MZC  is an inefficient portfolio. Therefore, our market portfolio is an efficient 

portfolio. 
 
Our market portfolio is situated on the capital market line 
The variance of our market portfolio is: 
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The tangent to our market portfolio is: 
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The intercept of above tangent is: 
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Therefore, our market portfolio is clearly situated on the capital market line. Since the 
market portfolio is extremely sensitive to performance measurements, our findings 
may significantly influence financial research. 

6. A numerical example 

Assume one risk-free asset and two risky assets in the economy. The instantaneous 
rate of daily return of the risk-free asset is 0002.0=fr , and the mean vector and 
covariance matrix of the expected instantaneous rate of excess daily return of the two 
risky assets are: 

 ⎥
⎦
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By Equation (7), we have the market portfolio 1Σ'µµΣw 1
ttt

1
tM

−−= . It means that the 

coefficient of relative risk aversion 87511Σ'µ1 1
tt .==β+ − . 

Table 2 
Relative risk aversion coefficient vs. optimal asset allocation strategy 

 Market Portfolio Portfolio A Portfolio B Portfolio C Portfolio D 
β+1  1.875 8.692 4.084 1.660 1.054 

Risk-free asset 0.000 0.784 0.541 -0.130 -0.779 
Risky 1 0.333 0.072 0.153 0.377 0.593 
Risky 2 0.667 0.144 0.306 0.753 1.186 
Expected return 0.08% 0.03% 0.05% 0.09% 0.13% 
Std. dev. 1.79% 0.39% 0.82% 2.02% 3.18% 
 
Table 2 shows, in our numerical example, the market portfolio involves 33.3% of the 
first risky asset and 66.7% of the second risky asset. The mean return and standard 
deviation of the market portfolio is 0.08% and 1.79%, respectively. If the relative risk 
aversion coefficient of the investor is 8.692, as shown in Table 2, portfolio A is the best 
choice for the investor. If the relative risk aversion coefficient of the investor is 4.084, 
portfolio B is suitable for the investor. Table 2 also shows that as the coefficient of risk 
aversion ( β+1 ) declines, less is invested in the risk-free asset and more in the two 
risky assets. In portfolio C and D, the investor leverages the portfolio by taking a short 
position in the risk-free asset and increasing long positions in the two risky assets. 
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Figure 2 depicts the portfolio frontier, the capital market line, and the portfolios show in 
Table 2. Portfolios A, B, C, and D are all situated on the capital market line. Therefore, 
investors can make sure that all of the entire candidate portfolios are efficient 
portfolios. It is consistent with the two-fund separation theory that all investors hold a 
combination of risk-free assets and a market portfolio. 

Figure 2  
Optimal and efficient portfolios 

 

0.00%

0.02%

0.04%

0.06%

0.08%

0.10%

0.12%

0.14%

0.0% 0.5% 1.0% 1.5% 2.0% 2.5% 3.0% 3.5%

Market portfolio

Portfolio A

Portfolio B

Portfolio C

Portfolio D

 

7. Conclusion 

The market portfolio is a theoretical portfolio that includes every available type of asset 
at a specific proportion to its market value. Because of the market portfolio cannot be 
observed directly, it is necessary to use proxy portfolios when conducting empirical 
studies. The most popular proxy for the market portfolio is typically a general stock 
market index. For example, the CRSP equal-weighted or value-weighted index and 
the S&P500 in the US, the FTSE100 in the UK, the DAX in Germany, and the MSCI 
global index are popular proxies for a market portfolio. Since portfolios on the efficient 
frontier should typically feature many short positions, implying that all of those 
positive-by-definition market proxies are inefficient and even typically far from the 
efficient frontier. By two-fund separation theorem, an individual’s demand for the 
market portfolio is proportional to his wealth. After determining the investor’s optimal 
asset allocation strategy, we alter the risk aversion coefficient to make the investor 
holds a zero share of risk-free assets. At this moment, the investor invests all wealth 

CML 

( )pRσ  

( )pRE  
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into a market portfolio. Our thinking is straightforward and the market portfolio 
determined in our model is definitely not a positive-by-definition market portfolio. We 
prove that our market portfolio is not only efficient but also is situated on the capital 
market line. Since the market portfolio is extremely sensitive to performance 
measurements, our findings may significantly influence financial research. 
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