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Abstract. This paper investigates the volatility risk premium in the non-affine
GARCH diffusion model of stochastic volatility using the Chinese Volatility Index
(iVIX). Firstly, we derive the corresponding implied iVIX formula under the
GARCH diffusion model. Then, using joint data on the Shanghai 50ETF and iVIX
index, we develop an efficient importance sampling (EIS)-based joint maximum
likelihood (ML) estimation method for the objective and risk-neutral parameters of
the GARCH diffusion model. Furthermore, a particle filter-based estimation
method is developed for extracting the latent volatility. Finally, we apply our
proposed approach to the actual data on the Shanghai 50ETF and iVIX index.
Empirical results show that the volatility risk is priced by the market, and the
volatility risk premium is negative, implying that investors act risk averse in the
Shanghai stock market.
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1. Introduction

Finance literature has put much effort on studying the volatility risk premium.
According to modern asset pricing theory, the value of any contingent claim can be
computed as the conditional expectation under the risk-neutral measure of the
discounted future cash lows. Thus, the valuation of any contingent claim, like a
European option, involves a change of the measure, from the objective or
real-world measure to the risk-neutral measure. However, the characterization of
the risk-neutral measure is intimately related to the volatility risk premium, which
in turn are determined by the model one adopts to describe the dynamics of the
underlying asset returns.

In continuous-time modelling in finance, stochastic volatility (SV) models,
such as the models of Hull and White (1987), Heston (1993), and many others,
have attracted a great deal of attention, as they have captured successfully many of
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the stylized facts of financial asset returns, such as time-varying volatility,
volatility clustering, and leverage effect. Among these models, the square-root SV
model of Heston (1993) which belongs to the general class of affine models seems
to be the most popular model. The main reason behind that is because the affine
SV model of Heston (1993) provide computational tractability that leads to
closed-form solutions for option pricing. Unfortunately, there is a growing
literature that provides empirical evidence against affine SV models (see e.g.,
Chernov et al., 2003; Jones, 2003; Ait-Sahalia and Kimmel, 2007, among many
others).

Recently, non-affine SV models, such as GARCH or general constant
elasticity of variance (CEV)-type diffusion models, have been found to capture the
dynamics of the underlying asset returns much better than the affine SV model of
Heston (1993) (Ait-Sahalia and Kimmel, 2007; Jones, 2003). Particularly, the
GARCH diffusion model of non-affine specification has attracted a great deal of
attention in recent years in the finance literature. A number of papers have provide
strong evidence for the GARCH diffusion model not only for underlying asset but
also for option data (e.g., Christoffersen et al., 2010; Chourdakis and Dotsis, 2011;
Wau et al., 2012; Kaeck and Alexander, 2012, 2013).

Several estimation strategies for inferring the volatility risk premium have
been proposed under the affine/non-affine SV models in the literature. One
estimation strategy for inferring the volatility risk premium relies on the options
data (see e.g., Chernov and Ghysels, 2000; Pan, 2002; Polson and Stroud, 2003;
Eraker, 2004; Cheng et al., 2008; Garcia et al., 2011; Ferriani and Pastorello, 2012).
However, using options data in estimation will no doubt create an unmanageable
computational burden, as it inevitably involves option valuation for SV option
pricing models. Instead of dealing with options data that will complicate the
estimation procedure, some authors proposed alternative approach for inferring the
volatility risk premium using the CBOE Volatility Index (VIX), a volatility index
for the S&P500 return (see e.g., Jone, 2003; Duan and Yeh, 2010; Chourdakis and
Dotsis, 2011; Bollerslev et al., 2011). The fundamental advantage of this approach
is that the value for the volatility risk premium can be inferred without directly
using option prices in estimation, thus avoids costly numerical option valuations
and significantly reduces the computational burden.

In this paper, we study the volatility risk premium under the non-affine
GARCH diffusion model of stochastic volatility, using the Chinese Volatility
Index (iV1X), a volatility index similar to the CBOE VIX, which calculated based
on the Shanghai 50ETF options data. We derive the corresponding implied iVIX
formula under the GARCH diffusion model, and develop an efficient importance
sampling (EIS)-based joint maximum likelihood (ML) estimation method for the
objective and risk-neutral parameters of the GARCH diffusion model, using joint
data on the Shanghai 50ETF and iVIX index. The EIS-ML method is easy to
implement and enables us to estimate the parameters of the GARCH diffusion
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model precisely. Since the knowledge of the estimated model parameters is not
sufficient to compute the volatility risk premium, we also have to know the latent
spot volatility as well. We further develop in this paper a particle filter algorithm
for extracting latent volatility using joint data. Then, it allows us to infer the
volatility risk premium implied by the iVIX.

To illustrate our estimation approach empirically, we apply the approach to
estimate the volatility risk premium using actual data on the Shanghai 50ETF and
iVIX index. We find that the volatility risk is priced by the market, and the
volatility risk premium is negative, implying that investors act risk averse in the
Shanghai stock market.

The rest of the paper is organized as follows. In Section 2, we propose under
the objective probability measure the GARCH diffusion model, and proceed to
derive the corresponding system under the risk-neutral measure and the volatility
risk premium. Moreover, the corresponding implied iVIX formula under the
GARCH diffusion model is derived. In Section 3, we detail the EIS-ML method
and the particle filter method for the parameter and latent state variable estimation
of the model. The empirical results are reported in Section 4, and we conclude in
Section 5.

2. The model

We adopt the non-affine GARCH diffusion model to characterize the
dynamics of the underlying asset returns, and serves the basis of volatility risk
premium estimation. We describe the model under the objective probability
measure in Section 2.1, and derive the corresponding system under the risk-neutral
measure and volatility risk premium in Section 2.2. A derivation of the iVIX
formula under the GARCH diffusion model is presented in Section 2.3.

2.1 The GARCH diffusion model
In the GARCH diffusion model, the dynamics under the objective probability

measure of the underlying asset priceS,, and the associated volatility, V,, are
assumed to be given by

ds, = uS,dt+ NV, S,dw, 1)
dV, = (@ — BV,)dt + oV, [pdW,, ++/1— p?dW,, ] @)

where u is the mean of the underlying asset returns, o/ f is the long-run
mean of volatility, £ is the mean reversion rate of volatility, o is the volatility

of volatility, and W,, and W,, are two standard Brownian motions.

2.2 Risk-neutral measure and volatility risk premium
To change the objective measure to the risk-neutral one, we need to apply the
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Girsanov's theorem. Specifically, let us consider the Radon-Nikodym derivative of
the objective probability measure with respect to the risk-neutral one, which is

1 et t t
é-!:t ZEXD{_E.[O (7/12u +}/§u)du _JO yludwlu _-[O yZudWZU} (3)

where 7, = (4, 7,) is the vector of the market prices of risks, return and
volatility risks, respectively.

Define dW,, = y,.dt +dW,, anddW,, = y,,dt+dW,,, such that W, and W,,
are two standard Brownian motions under the risk-neutral measure. Then, we can
proceed to determine the risk-neutral dynamics of S, and V,, which can be
calculated as follows:

dS, = uSdt+ \/vtstdwn =[u-ry \M]Stdt + \Mstdwlr

Note that the discounted asset price process is a martingale under the
risk-neutral measure, we have
Ve = (1 - r)/\/\Tt

where r is the risk-free interest rate. Thus,

ds, = rS,dt + .V, S,dw; )
and

dV, =[a— AV, - A(V,)]dt + oV, [pdW,; +/1- p?dW, ]
where A(V,) = opy,V, + o+J1— p°,.V. , represents the volatility risk premium. We
assume that the volatility risk premium is a linear function of V., , which
is AV,) =170 + 13V,
Then the market price of volatility risk is given by
Vo = 1Mo + 1V, — 0Py Vs
o1-p%V,
such that the risk-neutral volatility dynamics can be expressed as
dV, = (@ - AV,)dt + 0V, [pdW,; +1- p*dW, ] (5)

wherea =a—n,, f =p+n.
Given the parameter values under both the objective and risk-neutral measures
and the latent volatility, the volatility risk premium can be obtained:

AV =(a—a)+(B - BV, (6)

2.3 GARCH diffusion implied iVIX formula
As the iVIX index is similar to the CBOE VIX index, according to Duan and
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Yeh (2010), we have
iVIXZ(r) = E(rr —EQ {In St—D @)
T S,

where 7=30/365, E’ is the risk-neutral conditional expectation at time t.
Eq. (4) can be used to obtain

S 1 t+r
Q Stir | _- Q
= {m 5 }_ re-> [ ER(V)ds ®)
and from Eq. (5), forany B #0 and 7 >0, we have
+7 * — _ﬂ*f — _ﬂ*f
“Eowds =L | 1 | ey ©
B B B
and for " =0, we have
) TTEQ(V,)ds = %a*rz +7V, (10)
Combining Eqgs. (7)-(10) gives rise to a theoretical link
iVIX?(7) = A(z) + B(2)V, (11)
where
_ ,ﬂ*r a* _ *
1 e* B 20 *(1 B(r)), g #0
B(r)=41 A'r and A(r) =
L B =0 %a*r, p =0

The above result shows that the iVIX index can be linked in closed-form to
the latent volatility, V,, for the GARCH diffusion model, thus provides a simple
way to deal with the estimation challenge.

3. Estimation methodology

In this section, we focus on how to estimate the objective and risk-neutral
parameters and latent state variables of the GARCH diffusion model using the
Shanghai 50ETF and iVIX index. First, we describe how to estimate jointly the
objective and risk-neutral parameters using the EIS-ML method. Then we illustrate
how to estimate the latent state variables using the particle filter algorithm.

3.1 Joint ML estimation
Let s, =InS, and h, =InV,. By Itd's lemma, we have
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ds, = (,u—%e“)dt+eht’2dwlt (12)

dh, = (ce™ - ﬂ—%o-z)dt + o pdW, ++1— p?dW, ] (13)

In the empirical literature, the above continuous-time model must be
discretized to facilitate the parameter estimation. A simple Euler discretisation
leads to the following discrete-time stochastic processes

h =R+ (@e™ - f-2 o)A+ oALos + =] (15)
where X, =S, —S,; is the continuously compounded return of the underlying

asset, A is the time interval, ¢ and 7, are independent and identically

distributed (i.i.d.) standard normal random variables and uncorrelated.

In order to perform the joint estimation of objective and risk-neutral
parameters, we consider the additional information provided by the iVIX index. To
account for possible measurement error in the iVIX index, we assume the observed
log iVIX index as follows:

INiVIX,(r) = % IN[A(z) + B(z)V,]+ 6, (16)

where v, are i.i.d. standard normal random variables and independent of ¢, and

n,, O Iisthe parameter corresponding to the measurement error.

It is clear that Egs. (14)-(16) constitute a nonlinear and non-Gaussian
state-space model with log volatility is the latent state variable. To estimate this
model using ML method, we need to integrate out the latent state variables from
the joint density of the observations and latent state variables and derive an explicit
expression for the marginal likelihood of observations.

Let X=(X,...,% ) be a vector of the observed underlying asset returns
(50ETF returns), let Y =(IniVIX,,...,IniVIX;)" be a vector of the observed

log iVIX and let H=(h,,...,h;)" be a vector of the latent state variables which

are the log volatilities in our case. The likelihood function of the observed samples
of 50ETF returns and iVIX can in principle be expressed as

L(X,Y;0, h0)=J' p(X,Y,H;®,h,)dH (17)
where ® = (u,a, B,0,p,a ,,5), h, isthe initial log volatility, and we will
estimate along with parameter vector ®, and p(X,Y,H;®,h,) is the joint
density of X, Y and H, which can be written as
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PO, Y, H; @,hy) = [ T pniVIX, |, ©)p(x [, ©)p(hy [, h . ©) (16
where p(IniVIthht,tg) is the normal density of IniVIX, with the
conditional mean %In[A(T)-i-B(T)Vt] and the conditional variance &7 ,
p(x |h_,®) is the normal density of X, with the conditional mean
(,u—%ehH)A and the conditional variance e**A and p(h |x,h_,,®) is the

normal density of h, with the conditional mean and the conditional variance are
given by

1 n,
_ g L oy XA (19)
/Jt - h[71+(ae ﬁ 20_ ) +O_p ehH/z
ol =c’(1-p°)A (20)

Given the likelihood function L, the ML estimates of parameters of the
state-space model in Eqgs. (14)-(16) are then given by

(©,1;) =argmaxinL (X, Y;©, )

3.2 EISto likelihood approximation

Since a typical financial time series has at least several hundreds of
observations, the high-dimensional integral in the right hand of Eq. (17) rarely has
analytical expression. Meanwhile, using the traditional numerical integration
methods to approximate the integral is also infeasible. In order to overcome this
problem, we use the Monte Carlo simulation methods.

From Eq. (18), the likelihood function in Eq. (17) can be rewritten as

L, Y;0,1) = [T] pniviX, |1, ©)p(x, |, ©) (R | X, h . O)H  (21)

Let ht(s) is drawn independently from the so-called natural importance sampling
(NIS) density p(h | x,h),®) , then the corresponding NIS-Monte Carlo
estimate is given by

6%, Y;0,hy) = = 3| TT p(inivix, [k, 0) p(x, |1, ©) (22)
0

s=1| t=1
A primary advantage of the NIS is that it is intuitive and simple to implement.
However, it turns out that the NIS estimate is highly inefficient since its sampling
variance rapidly increases with the sample size T . Thus this estimate cannot be
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relied on practically. To overcome this drawback of the NIS, we adopt the EIS
proposed by Richard and Zhang (2007). Based upon this Monte Carlo integration
technique, high-dimensional integral can be evaluated quickly with high numerical
accuracy.

The EIS requires an auxiliary parametric importance sampler from which

samples can be obtained efficiently. Let {m (h |x,h &)}, be an auxiliary
sampler (i.e., EIS sampler) indexed by the auxiliary parameter {at}thl. The
likelihood function in Eq. (21) is rewritten as
T .
L(X,Y;0,h,) = I{H p(niVIX, [h,0)p(x ", ©)p(h | X, h_,06)
1 m, (R [ %, h . a)

Xf[mt(ht| X, iy ,%)H (23)

The corresponding EIS-Monte Carlo estimate is then given by
R S T i (s) (s) (s) (s)
L Yioh) = L Z{H p(niviX, |1, ©)p(x |13, ©)p(hy”| xt,hu@)} (24)
Sheq ks m (h™ %, hLa)
where h®)is drawn independently from the EIS density m, (h, | x,,h®),a,).
Following Richard and Zhang(2007), we write EIS density m, as

s=1

_k(Ix.ha)
MR xR a) == (25)
206 a0 = [k 1%, By, a)dh (26)

where k. (h | X,h_,,8) isthe density kernel. According to the state-space model
in Egs. (14)-(16), we set
k(1% hegna) = p(hy [, by, ©)explay by +a, 0} (27)
where a, = (,,,a,,).
From Egs. (25) and (27), we have
11[ pniVIX |h,®)p(x [h 4 ©)p(h [ %, h ;. 60)
t=1

m (1%, a)
— p(X1 I hoa®);(1(x1| hoaai) XH p(ln IVIXt | h[ 'eG)zz)?;XtﬁL |+h[a’ ®r12//{}f+1(xt+l’ hI ! aT+l)
- (28)

where p(X ;| N, ®) =y ., (X .., 0 8;,,)=1. Thus, we set up the following
minimization problem to minimize the EIS-Monte Carlo variance of Eq. (24):
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(8,(©),6,(©) =argmin > {In| pIniVIX, K, 0)p(x; |1, 0) 7.1 (% .1, K7, 80) |-
C — ai,th(S) + az,t (ht(S))z}2 (29)

where ¢, is estimated along with the auxiliary parameter a, .

In fact, the minimization problem described in Eq. (29) is equivalent to the
following auxiliary linear regression

In p(INiVIX, [h®,0) +In p(x,, | h®,0) +In g, (%, K, 4,.,)
=c +a, Y +a, (h¥)*+u?, s=1,...,S (30)

where u® is the error term. Since y,,, depends on a,, the coefficients are

calculated recursively, proceeding from t=T,T —-1,...,1.
In summary, it is possible to compute the likelihood function of the
state-space model in Eqs. (14)-(16) for given the parameter vector (©,h,), based

upon the following EIS algorithm:
Step 1: Draw initial samples {h®,...,h®}  from the NIS sampler

{p(h Ix.h ., O},

Step 2: Calculate &, by estimating the regression model (30), working
backwards from t=T to t=1.

Step 3: Draw new samples {h,...,h®}, from the EIS sampler

{m (h 1% a)k
Step 4: Repeat Step 2 and Step 3, until a reasonable convergence of the
parameters @, is obtained.
Step 5: Calculate the likelihood approximation using
R S T i (s) (s) (s) (s)
LG Y:0.h) :12{1—[ p(nivIX, [1?,6)plx, |, ©) bl m,hw@)}
S m, (h™ | %, R, &)
Following Richard and Zhang (2007), a same set of Common Random
Numbers (CRNs) is used to obtain the draws from the EIS sampler in order to

ensure the likelihood approximation L be a smooth function of the parameter
vector (®,h,). Typically, a reasonable convergence can be obtained after 3-5
iterations.

s=1

3.3 Particle filter
Given the parameter vector (®,h,), we now illustrate how to obtain the

sequence of filtered estimate of the latent log volatility h, . One way to obtain
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these is by means of a particle filter (Gordon et al., 1993). For our practical
filtering problem, we are interested in the filtered log volatility, E[h, |F,], where

F, denotes the information set generated by the observations {Z,,...,Z,}, and
Z, =(x,,IniVIX,)" denotes the joint observations of Shanghai S0ETF return and
iVIX index at time s. Suppose that p(h_,|F,,) is known and we want to
obtain p(h, | F,). First, notice that

PV IF) = [ bl I Feh = [ B A apn, [F) - o

Also, from  p(x, IniVIX;, b, h [F ) = p(h, b, [F)p(x, IniVIX, [F.) , we get
_ p(x'[’ In iVIXt’ht’ht—l | Ft—l)
PR ) = ocivi, 7 )
_ PO IniVIX [h. b, ©)p(h. by [Fy)
PO, INIVIX [F,)
_pUNIVIAP p X G kO ph.@ | _am), (32)
P, INTVIR | )
where p(x, |h,h_;,®) is the normal density of X, with the conditional mean

(#_%eh—l)A+ pe™?[h —h _ —(ae™ - ﬂ_%GZ)A] /o and the conditional variance
e™(l-p°)A and p(h |h_,,®) is the normal density of h with the
conditional mean h_, +(ce™™ — ﬂ—%az)A and the conditional variance
o’A.

Plugging Eqg. (32) into Eq. (31), we get

_ [ pUniVIX R, ©)p(x 0, h.1, ©)p(h [ ,,©) 33
p(h [F) = SO AL dP(h,IF)  (39)

In summary, the particle filter algorithm for estimating the latent log volatility
as follows:

Step 1: Given a set of random samples {h®),...,h} from the probability

density function p(h_ |F,.).
Step 2: Draw samples {h™”,...,h™7} from the probability density function

p(h [h,0).

Step 3: Compute the normalised weight for each sample
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_ p(IniVIX, |hY?, @) p(x |h,hD, @)

=] ,
> p(IniviX, [h, @) p(x [h,h),©)
i=1

Thus define a discrete distribution over {h™,...,hA™7} with

probability mass {q;,..., 0y} -
Step 4: Resample N times from the discrete distribution defined above to
generate samples {h®,...,h"}.

i=1...,N

i

4. Empirical analysis

4.1 The data

In the empirical analysis we use daily data on the Shanghai SOETF returns and
iVIX index values from February 9, 2015 to February 5, 2016. The 50ETF returns
computed are logarithmic, i.e., x, =log p, —log p,,, where p, is the closing
price. The sample size is 244 for both 50ETF return and iVIX index values. The
joint time-series is plotted in Figure 1. The data of Shanghai 50ETF is obtained

from the Wind Database of China. The data of iVIX index is obtained from the
Shanghai Stock Exchange.
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Figure 1:
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Summary statistics for the 50ETF returns and iVIX index values are shown in
Table 1. As can be seen from the table, the 50ETF returns are skewed and
leptokurtic. Jarque-Bera statistics suggests that the assumption of normality is
rejected for the SOETF return series. The summary statistics for iVIX index suggest
that the 50ETF has about 37.89% annualized volatility, and the volatility ranging
from 23.33% to 63.79% over the sample period. Furthermore, from Figure 1 we
can observe that the 50ETF returns exhibit time-varying volatility and volatility
clustering during the sample period. The results also show that the iVIX index
exhibits significant characteristic of mean reversion and the behavior of highly
volatile.

Table 1. Descriptive statistics of 50ETF returns and iVIX index

Data Mean Min Max Std. Skew Kurt J_aéré]rl;e
77.619

50ETF -0.0006 -0.1052 0.0809 0.0258 -0.6184 5.4709 (0.000)
. 37.893 23.330 63.788 20.552
iVIX 5 5 5 9.0517 0.7109  3.007 (0.002)

Note: The number in parenthesis is the P-values of Jarque-Bera tests.

4.2 Estimation results

Based upon the joint data on the 50ETF returns and iVIX index values, the
objective and risk-neutral parameters of the GARCH diffusion model are estimated
by applying the EIS-ML method described in Section 3. Table 2 reports the
estimation results.

Table 2. Estimation results

H a S o P Log-lik

Obijective
parameter 0.0377  1.8293 10.9872 2.0439  0.0073

(0.3672) (0.8456) (6.2433) (0.2253) (0.0655) o000

a : o
Risk-neutral P

parameter -0.1757  0.5935  0.0030
(0.0729) (0.2481) (0.0075)

Note: The EIS-ML method is implemented by using S=32 Monte Carlo draws and 5 EIS
iterations. The number in parenthesis is the asymptotic (statistical) standard error which is
obtained from a numerical approximation to the Hessian. Log-lik denotes the log-likelihood
value.
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Our results show that the mean of the 50ETF returns is x=0.0377. The
long-run mean of the volatility is «/ f=0.1665, with a fast mean-reversion
speed of B =10.9872 . The estimates of the long-run mean of the volatility are
higher than the unconditional sample variance of 0.1598 (= 0.0258° x240) (see
Table 1). The estimate of the “leverage effect" parameter o is close to zero and
not significant. The estimated objective and risk-neutral parameters (e, ) and

(", B) are quite different. It suggests that the volatility risk has mostly likely
been priced by the market.

The estimate for o6 , which is the parameter corresponding to the
measurement error of iVIX index, closes to zero and is not significant, implying
that the measurement error in iVIX can be ignored.

The estimated parameters allow us to estimate the latent volatility, V , via the
particle filter algorithm. Figure 2 plots the estimated volatilities based upon the
joint data. It can be seen from the figure that there is large fluctuations in the
Shanghai stock market in 2015.

0.8 T T

0.7 - T

0.5+ YA, | | 8
I3 |

DR A ’ 1

0.2 . .
08-Feb-2015 09-Jun-2015 08-Oct-2015 06-Feb-2016

Figure 2: Estimated volatilities

As noted in Section 2.2, the estimation of the complete objective and
risk-neutral parameters and spot volatility based upon the joint data allow us to
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compute the volatility risk premium. Therefore, we can compute the sample path
for the volatility risk premium appearing in Eq. (6). The result is reported in Figure
3. It can be seen from the figure that the volatility risk is priced, and the volatility
risk premium is negative during the sample period, implying that investors act risk
averse in the Shanghai stock market.

-5 !
08-Feb-2015 09-Jun-2015 08-Oct-2015 06-Feb-2016

Figure 3: Estimated volatility risk premiums

5. Conclusion

In this paper, we proposed an estimation procedure for extracting the volatility
risk premium in the context of the non-affine GARCH diffusion model of
stochastic volatility, using joint data on the 50ETF returns and iVIX index values.
The proposed estimation procedure is based on the ML method, where the
likelihood function of the model is evaluated using the EIS technique. The
approach is flexible and simple to implement. A theoretical iVIX formula in the
GARCH diffusion model is derived. It is efficient enough to apply the EIS-ML
method to the estimation of model (objective and risk-neutral) parameters from the
joint data. To estimate the latent state variable, we developed a particle filter
algorithm based upon the joint data. The empirical results show that the volatility
risk is priced, and the volatility risk premium is negative, implying that investors
act risk averse in the Shanghai stock market.
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